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Abstract

Recently, there has been rising interest in Bayesian optimization — the optimiza-
tion of an unknown function with assumptions usually expressed by a Gaussian
Process (GP) prior. We study an optimization strategy that directly uses a max-
imum a posteriori (MAP) estimate of the argmax of the function. This strategy
offers both practical and theoretical advantages: no tradeoff parameter needs to be
selected, and, moreover, we establish close connections to the popular GP-UCB
and GP-PI strategies. The MAP criterion can be understood as automatically and
adaptively trading off exploration and exploitation in GP-UCB and GP-PI. We
illustrate the effects of this adaptive tuning via bounds on the regret as well as
an extensive empirical evaluation on robotics and vision tasks, demonstrating the
robustness of this strategy for a range of performance criteria.

1 Introduction

The optimization of an unknown function that is expensive to evaluate is an important problem
in many areas of science and engineering. An increasingly popular direction has been to model
smoothness assumptions on the function via a Gaussian Process (GP). This probabilistic approach
provides a posterior distribution of the unknown function, and thereby uncertainty estimates that
help to decide where to evaluate the function next, in search of a maximum. Recent successful
applications of this Bayesian optimization framework include hyperparameter tunning for algorithms
in machine learning, robotics, and computer vision [3} 16} [16, |19} 29} 33]].

Despite progress on theory and applicability of Bayesian optimization methods, the practitioner
continues to face open ends: there is a menu of algorithms, and their relations and tradeoffs are only
partially understood. Popular algorithms include probability of improvement (P1) [17l], expected
improvement (EI) [22], upper confidence bound (UCB) [30], and entropy search (ES) [12]]. Many of
the above algorithms involve tuning a parameter to trade off exploration and exploitation, and this
can pose difficulties in practice [[12]. Theoretical analyses help in finding good parameter settings,
but may be conservative in practice [30].

The motivations and analyses (if available) differ too: objectives include cumulative regret, simple
regret, the performance under a fixed finite budget [11]], or the uncertainty about the location of
the maximizing argument [12]. Some algorithms perform well for some goals but not for others.
Ideally, we would like an algorithm that in practice performs robustly for a range of these goals
without time-consuming tuning of its own parameters.

Motivated by these practical concerns, in particular for applications with expensive function eval-
uations in robotics and computer vision, we propose a practical optimization strategy that does not
require setting any parameters, saving the tuning time of the Bayesian optimization strategy. Our
strategy relies on MAP inference of the argmax of the unknown function. We show connections
between MAP and the popular GP-UCB and GP-PI strategies, implying a clear, intuitive, and prov-
ably correct way of setting the parameters adaptively in those important methods. Moreover, we
establish bounds on the regret of the MAP estimation strategy. Our thorough empirical evaluation



includes problems from non-convex optimization, robotics, and computer vision. It suggests that
the MAP strategy is not only practically easy to use, but is also robustly competitive for a number
of performance criteria and applications: different types of regret, as well as the number of steps to
reach a fixed regret value.

1.1 Background and Notation

Let f(-) ~ GP(0,k) be an unknown function we aim to optimize over a candidate set X. At
time step ¢, we select point x; and observe a possibly noisy function evaluation y; = f(x;) + €,
where ¢, are i.i.d. Gaussian noise N'(0,0?). Given the observations ®;, = {(z,,y,)}._; up to
time ¢, we obtain the posterior mean and covariance of the function via the kernel matrix K, =
[k(wi’xj)]mi,wjez)t and ki (z) = [k(x;, T)]|e,en, 24: ui(x) = ki(x)T(K; + 0?I)" 'y, and
ki(z,x') = k(z,x') — ki(x)"(K; + 02I) " ky(x'). The posterior variance is given by o7 (x) =
ki(x, ). Furthermore, we denote by () the tail probability of the standard normal distribution
&(+), and by ®(-) the cumulative probability of ¢(-).

In round ¢ of a bandit game, the player chooses x; and then observes y; = f(x;) + ¢;. We define
the regret for round ¢ as 7, = maxgex f(x) — f(a). The simple regret for any T rounds is

. ~ . . T ~
T = minge(q, 1) 7+, and the (average) cumulative regret is Rr = % thl Tt.

1.2 Existing methods for GP optimization

We focus on the following three approaches for comparison, since they are most widely used in
bandit settings.

GP-UCB. Srinivas et al. [30] provide a detailed analysis for using upper confidence bounds [2]]

1
with GP bandits. They propose the strategy x; = arg max ey pit—1(x) + 572 01 (x) where 3, =
2log(|X|m%t? /66) for finite X. Their regret bound holds with probability 1 — §. In practice, § must
be selected.

GP-EIL. The GP-EI strategy selects the point maximizing the expected improvement over a pre-
specified threshold 6 [22]]. For GPs, this improvement is given in closed form as EI(z) = E[(f(x) —

0)+] = [6(v(x)) = ¥(2)Q(v(x))] 011 (), where (@) = L= A popular choice for the

threshold is 6 = max ¢y ¢—1] Yr-

GP-PL The third strategy maximizes the probability PI(z) = Pr[f(z) > 0] = 1 — ®(v(x)) of
improving over a threshold 6 [17], i.e., ; = argmincy (). GP-PI is sensitive to the choice of
0: as we will see in Section [2]  trades off exploration and exploitation, and setting 6 too low (e.g.,
0 = max,¢[1 +—1)Y-) can result in getting stuck at a fairly suboptimal point. A popular choice in
practice is 6 = max,c[1 1) Y- + €, for a chosen constant e.

2 MAP estimation for optimization

In this work, we study an alternative criterion that provides an easy-to-use and tuning-free approach:
we use the GP to estimate the arg max of f via MAP inference. We will see how, as a side effect,
this criterion establishes connections between the above criteria. The MAP strategy eventually leads
to tighter bounds than GP-UCB as shown in Section [C]

Consider the posterior probability (in round t) that a fixed * € X is an arg max of f. We call this
event M, and, for notational simplicity, omit the subscripts ¢ — 1 here. The event M, is equivalent
to the event that for all ' € X, we have v(z') := f(a’) — f(x) < 0. The difference v(z’) between
two Gaussian variables is Gaussian: v(z') ~ N (u(z') — p(x), o(x)? + o(x')? — 2k(x, x')?). The
covariance for any =/, " € X is Cov(v(z'),v(z")) = o(x)?*+k(z', 2")? —k(z, z')? — k(z,z")>.

The random variables {v(x’)},cx determine the cumulative probability Pr[M,|®D] = Pr[va’ €
X,v(a’) < 0|D]. This probability may be specified via limits as e.g. in [12, App.A]. Moreover, due
to the assumed smoothness of f, it is reasonable to work with a discrete approximation and restrict
the set of candidate points to be finite for now (we discuss discretization further in appendix). So
Pr[M|D] is well-defined. Since computing Pr[M,|®] for large | X| can be costly, we use a mean



field approach and approximate { f («) } zcap by independent Gaussian random variables with means
w(z) and variances o (z)? forall x € Wand W = X \ D.

We either assume knowledge of the true maximum m of the function, or estimate it via the posterior
expectation of Y = maxzcx f(x) given D [26]:

m=E[Y|D] = / Pr[Y > y|D] — Pr[Y < —y|D]dy. (D
0
In the noiseless case, this becomes m = mg + fﬁ) 1 —Jlocon ® w;(’;()w)) dw where mg =

max,c[i,t—1] Y- is the current observed maximum value. Under conditions specified in Section
the mean field approximation makes 1 an upper bound on m, which, as we will see, conservatively
emphasizes exploration a bit more. Other ways of setting 72 are discussed in Section D}

Knowing m, the event M, |m, D is equivalent to
m — ji(x) m — p(x’)
Pt = 0" 2)) T o))
= ey ) o)

The MAP estimation strategy (EST) plays x; = argmax,y Pr[M|m, D;]. We discuss the con-
tinuous settings in Section D]

Next, we relate our strategy to GP-PI and GP-UCB: EST turns out to be equivalent to adaptively

1
tuning 6 in GP-PI and 52 in GP-UCB. This observation reveals unifying connections between GP-PI
and GP-UCB and, in Section|C] yields regret bounds for GP-PI with a certain choice of §. Lemma[2.1]
characterizes the connection to GP-UCB:

Lemma 2.1. At any step t, the point selected by EST is the same as the point selected by a variant
i N
of GP-UCB with 37 = mingex mom-1(®@) - Conversely, the candidate selected by UCB is the same

Ot—1 (il‘:)
1
as the candidate selected by a variant of EST with m = maxgecx pe—1(x) + 82 or—1(x).
Proposition 2.2. GP-PI is equivalent to EST when setting § = m in GP-PL

As a corollary of Lemma [2.T]and Proposition [2.2] we obtain a correspondence between GP-PI and
GP-UCB.

Corollary 2.3. GP-UCB is equivalent to GP-PI if 8% is set to mingex =22 and GP-PI cor-

O'tfl(il':)

1
responds to GP-UCB if = maxgex fii—1(x) + B2 or—1(x).

Note that there still remain important differences between GP-PI and EST, as shown in the following
theorem which establishes EST’s regret bounds. More details are available in Section [C|

Theorem 2.4. Let o2 be the variance of the Gaussian noise in the observation, C = 2/ log(1 +
1
02), 7 the maximum information gain of the selected points, and t* = arg max, v, where v; =

m—pi—1(x)
or—1(x)

T = 3 3 .
Ry =3, 7 <CTyr(vi + (}), where (r is defined in Lemma

mingex . With probability 1 — 0, the cumulative regret up to time step T is bounded as

3 Experiments

In this section, we show experimental results on synthetic black box functions and parameter tuning
for image classification. We compare the following methods: EST with a Laplace approximation,
i.e., approximating the integrand in Eqn. (I) by a truncated Gaussian (ESTa, details in supplement);
EST with numerical integration to evaluate Eqn. @) (ESTn); UCB; EI; PI; and random selection
(RAND). We omit the *GP-’ prefix for simplicity. Additional experimental details and results on
initialization tuning for trajectory optimization may be found in Section [E]

3.1 Synthetic Data

We sampled 200 functions from a 1-D GP and 100 functions from a 2-D GP with known priors
(Matérn kernel and linear mean function). The maximum number of rounds was 150 for 1-D and
1000 for 2-D. The first samples were the same for all the methods to minimize randomness effects.
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Figure 1: Maximum accuracy on the validation set over the iteration of the optimization. ESTa
converges faster than other methods. Experiments are repeated 5 times, the standard deviation is
scaled by 1/4.

Table [T] shows the lowest simple regret achieved 1-D GP, max 150 rounds
("min) and the number of rounds needed to reach | ——— 2o+ Tt
it (Timin). We measure the mean (T, and 7in) | #min | 0051 | 0000 | 0088 | 0487 | 0.000 | 0.000
. - . .. . Tonin 78.4 509 | 977 832 | 26.1 21.9
and the median (Ti,in and Fri,). RAND is inferior Fonin | 0107 | 0000 | 0295 | 0562 | 0024 | 0043

both in terms of T},;, and rpy,;,. Although EI and 2D GP, max 1000 rounds
PI behaves very well in terms of T,;,, they can- RAND | UCB | EI PI_| BSTa | ESTn
Trnin 4505 | 6415 | 405 45 4075 181

not achieve the regret as low as UCB and the two Fmin 0.640 | 0090 | 1.035 | 1290 | 0.000 | 0.000
methods of EST. UCB finds a good point but takes | Zmin | 4963 | 5738 | 484 | 598 | 4207 | 2134

. . Tmin 0.671 0.108 0.976 1.26 0.021 0.085
more than twice as many rounds as EST for doing

so. The results for synthetic functions suggest that  Typle 1: Experimental results on functions
throughout, compared to other methods, EST finds  sampled from 1-D GP (top) and 2-D GP (bot-
better function values within a smaller number of  (om) with a limited budget of iterations.

iterations. denotes the mean and “** the median.

3.2 Parameter
Tuning for Image Classification

The experiments in this section addresses Bayesian optimization for efficiently tuning parameters
in visual classification tasks. Here, x; is the candidate model parameter and y the accuracy on the
validation set. Our six image datasets are standard benchmarks for object classification (Caltech101
[8] and Caltech256 [10]), scene classification (Indoor67 [23] and SUN397 [35]]), and action/event
classification (Action40 [36] and Event8 [18]]). The number of images per data set varies from 1,500
to 100,000. We use deep CNN features pre-trained on ImageNet [[14], the state of the art on various
visual classification tasks [25]. Figure |I| shows the maximum achieved accuracy on the validation
set during the iterations of Bayesian optimization on the six datasets. While all methods improve
the classification accuracy, ESTa does so faster than other methods. Here too, PI and EI seem to
explore too little.

4 Conclusion

In this paper, we studied a new Bayesian optimization strategy derived from the viewpoint of MAP
estimation. We showed that this strategy corresponds to adaptively setting the trade-off parameters
£ and 0 in GP-UCB and GP-PI, and established bounds on the regret. Our experiments demonstrate
that this strategy is not only easy to use, but robustly performs well by measure of different types of
regret, on a variety of real-world tasks.
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A Related work

The practical benefits of Bayesian optimization have been shown in a number of applications [3} |6,
19,129,133, 134]. Different Bayesian optimization algorithms differ in the selection criteria of the next
point to evaluate, i.e., the acquisition function. Popular criteria include the expected improvement
(GP-EI) [22]], the probability of improving over a given threshold (GP-PI) [17], and GP-UCB [30]],
which is motivated by upper confidence bounds for multi-armed bandit problems [2, [1]. GP-EI,
GP-PI and GP-UCB have a parameter to select, and the latter two are known to be sensitive to this
choice. Entropy search (ES) [12]] and its variant predictive entropy search (PES) [13]] do not aim
to minimize regret directly, but to maximize the amount of information gained about the optimal
point. Their queries made at each iteration are different from their guesses for the optimal point.
Thus entropy search methods are not suitable for bandit settings. High-dimensional settings were
considered in [7, 134]]. Extensive empirical comparisons include [6} |29} 20]. Theoretical bounds on
different forms of regret were established for GP-UCB [30] and GP-EI [5]]. Other theoretical studies
focus on simple regret [4} [11]; the finite-budget strategy in [L1] is mainly of theoretical interest. In
this work, in contrast, we are motivated by practical considerations.

B Implementation

Algorithm 1 GP-UCB/PI/EST

D« 0
while stopping criterion not reached do
i, o < GP-predict(X|D)
1
maxgzex p(x) + BZo(x) GP-UCB
4: M=19 maxij<,<;Yr + € GP-PI
E[Y|D] (see Eqn. (1)) GP-EST

Mm—p—1(x)
oi—1(x)

Ty < argming

Y <+ flxe)
D« {$7—, yT}i:l
t—t+1

end while

T* < arg MaX(g yep Yt

YR N

Proposition [2.2] suggests that we need not calculate the probability Pr[Mg|rh, D] directly when im-
plementing GP-EST. Instead, we can reduce it to GP-PI with an automatically tuned target value
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0. Algorithm [I| compares the pseudocode for all three methods. GP-UCB/PI/EST all share the
same idea of reaching a target value (7 in this case), and thereby trading off exploration and ex-
ploitation. GP-UCB in [30] can be interpreted as setting the target value to be a loose upper bound

maxgex (e x) with 8, = 2log(]X|72t2/60), as a result of applying the union bound on all
the members of X[H GP PI applies a fixed upwards shift of € over the current maximum observation
max,c[1,;—1) Y-- In both cases, the exploration-exploitation tradeoff depends on the parameter to be
set. GP-EST implicitly and automatically balances the two by estimating the maximum. Viewed as
GP-UCB or GP-PI, it automatically sets the respective parameter.

Note that this change by GP-EST is not only intuitively reasonable, but it also brings about great
improvement over GP-UCB/PI in terms of the regret bounds.

C Proofs

In this section, we provide the proof for Lemma 2.1.

Lemma 2.1. At any step t, the point selected by EST is the same as the point selected by a variant
i R

of GP-UCB with 37 = mingcx M—-1@) - Conversely, the candidate selected by UCB is the same

or—1(x

1
as the candidate selected by a variant of EST with m = maxgecx fe—1 () + 82 or—1(x).

Proof. We omit the subscripts ¢ for simplicity. Let a be the point selected by GP-UCB, and b
the one selected by EST. Without loss of generality, we assume a and b are unique With ﬁ% =

Mingex m;(;;()m), GP-UCB plays a = maxgecx u(x) + ,Bt%O'( ) = argmingcy (“() ) because
i = max p(@) + Bo(2) = p(a) + Bo(a)

By definition of b, for all x € X, we have

PrMylin, ®] Q) Ty B(TSAFY) Q) D(Poe))

1 S ~ - m— M— ’ - m— m— (2)
Pr[Mz |, @] U(Z()w))nm/;ez B( J[;(ff Dy U(;;()w))@( U(;g()b))
The inequality holds if and only if m;(‘{)gb) < m;(;;()m) for all € X, including a, and hence
i p®) _mpla) oy ) “
o) —  o(a) zcx  o(x)

which, with uniqueness, implies that a = b and GP-UCB and EST select the same point.

For the other direction, denote the candidate selected by UCB by a@ = argmax ¢y () + 20(x).
The variant of EST with m = maxgex p(x) + 820 (x) selects b = arg max,cx Pr[Mgz|m, D].
We know that for all x € ¥, we have = (;;gb) < mg(‘;()m) and hence m < u(b) + %;gm)a(b).
Since m = p(a) + 2o (a), letting & = a implies that

m = max p(x) +BEo(x) < p(b) + BEa(b). 4)
Hence, by uniqueness it must be that @ = b and UCB and EST select the same candidate. O

C Regret Bounds

In this section, we analyze the regret of EST. We first show a high-probability bound, and then a
bound on the expected regret. For the moment, we assume knowledge of m, but the analysis in the
following still holds by replacing m with m if m > m. We show that this condition is satisfied
if we use 7 in Eqn. (I) and Eqn. (Z) with mean field assumption under the condition specified in

Corollary

1 _
'Since Pr[|f(z) — pu(x)| > B o(x)] < e#, applying the union bound results in Pr[|f(x) — p(x)| >
1 - 1
Bio(x), V:L' € X] < |X|e =% This means f(x) < maxgex u(x) + B2 o(x) with probability at least
1—|Xle 2z 2 [30, Lemma 5.1].




Theorem 2.4. Let 0% be the variance of the Gaussian noise in the observation, C = 2/log(1 +
1

072), 7 the maximum information gain of the selected points, and t* = arg max, v, where v} =
m—pe—1(x)
or—1(x)

T . 1 1
Rp =%, 7 <\CTyr(vi + (}), where (r is defined in Lemma

The information gain 7 after T' rounds is the maximum mutual information that can be gained
about f from T' measurements: y7 = maxscx jaj<7 [ (Ya, fa) = maxacx,|jaj<7 % log det(I +
072K 4). Without loss of generality, assume k(x, ) < 1and X C RY; then for the Gaussian kernel,
7 = O((log T)%*1), and for the Matérn kernel, yp = O(T4@+1)/(2¢+d(d+1)) |00 T') where ¢ is
the roughness parameter of the kernel [30, Theorem 5].

mingex . With probability 1 — 0, the cumulative regret up to time step T' is bounded as

The proof of Theorem [2.4] follows [30] and relies on the following lemmas which are proved in the
supplement.

Lemma C.1. Pick § € (0,1) and set (; = 2log(m/d), where Zthl 7, <1, m > 0. Then, for
1
EST, it holds that Pr[| f(xs) — pe—1(x)| < (PFoi—1(xe)] > 1 -6, forallt € [1,T].

Proof. The proof is similar to Lemma 5.1 in [30, Appendix A.1]. We can set m; = % (e.g. if T
is unknown and possibly infinite) or 7, = T', in which case (; = ¢ = 2log(T'/J) is fixed. Here we
emphasize that x, is determined by the strategy we use to pick it, so «; is not a random vector. Thus
it does not need to apply union bound on every member of X since the union bound on {z;}% ; is
sufficient. O

1
Lemma C.2. If |f(x:) — pi—1(xt)| < (For—1(xy), the regret at time step t is upper bounded by
1 1 1

1 1 1 1
7o < (V¢ + (2 )os—1(x¢), and hence minyey 7 7 < (v} + (7 )or—1(xT).

Proof. Attime step t > 1, we have

7t <m— f(ay) ()
<mo— pry—1(xe) + Ct%UH(-’Bt) (6)
— (0 + )i (@) )

For the minimum regret, we can bound

1 1
mtinft <7p =i +¢E)or—i(xr) O

The proof of Theorem 2.4 now follows from Lemmas [C.1]and [C.2}

PR i
Proof. (Thm. By Lemma we have that 77 < (v2 +(2)%07_(x¢). Using (1+a)® < 14ax
if 0 < z < 1, 1t follows that

log(1 4 07207 (x¢))
log(1 +072)

U?—l(xt) =

By Lemma 5.3 and Lemma 5.4 in [30], we further bound 23:1 o (xy) < W’yp Now,
by the Cauchy-Schwarz inequality, we obtain

and therefore




In addition to the high probability bound, Lemma[C.3|bounds the expected regret:

1
Lemma C.3. For EST, the expected regret at time step t is E[fy] = v2oi_1(x;). The expected

i
simple regret is upper bounded by E[r;] = E[min;cpy 71 7¢] < vior_i(xr).

Proof. Attime step t > 1, we have

E[m = E[Y - f(wt)@] =m — Mtfl(wt) = Vt%Utfl(th)-

From this, the expected simple regret can be bounded via Jensen’s inequality:

1
E[lgmtigT ’Ft} < IntIIlE[ft] < E[’FT] = Z/%O'T_1(ZCT) O]

Theorem [2.4] directly implies a convergence bound on the number of rounds needed to achieve a
regret of at most e.

Corollary C.4 (Trial Bound). Within T > C(vp + (r + 2(ut*CT)%)'yT/62 rounds, EST achieves,
with probability 1 — §, a regret of at most e.

Next we show that if we estimate 72 as described in Section [2] by assuming all the { f()}zcoy are
independent conditioned on the current sampled data ®, M can be guaranteed to be an upper bound
onm given k(x,x’) > 0,Vx, 2’ € D.

Lemma C.5 (Slepian’s Comparison Lemma [28} 21]). Let u,v € R™ be two multivariate Gaussian
random vectors with the same mean and variance, such that

E[’Ui’l)j] < E[uiuj], VZ,j

Then
E[ sup v;] > E[ sup wu,].
i€[1,n] i€[1,n]

Slepian’s Lemma implies a relation between /m and m for the mean field approach.

Corollary C.6. Assume g ~ GP(u,k) has posterior mean u:(x) and posterior covariance
ki(x,x') > 0,Vx,x’' € X conditioned on ®;. Define a series of independent random vari-
ables h(x) with equivalent mean pi(x) and posterior variance ki(x,x), Y € X. Then,

E[supgex h(®)] = Elsupgex 9(®)).

Proof. By independence, V&, z’' € X
0 = E[h(z)h(z)] — E[h(x)|E[(z")] < Elg(z)g(x')] — E[g(z)]E[g(z’)]

Hence, Slepian’s Lemma implies that E[sup,cx h(x)] > E[sup,ex g()]. O

Corollary assumes that k¢(x,z’) > 0, V,x’ € X. This depends on the choice of X and k.
Notice that k¢ (z, ') > 0 is only a sufficient condition and, even if the assumption fails, 712 is often
still an upper bound on m in practice (illustrations in the supplement).

Given that 7 > m, Lemma[2.1] 2.4]and Corollary [C.4|continue to hold when we use 77 instead of m
in the algorithm, so it is not necessary to know m. In contrast, the results above are not necessarily
true for any arbitrary 6 in GP-PI, an important distinction between GP-PI and GP-EST.

We make a few important observations. First, EST does not require manually setting a parameter
that trades off exploration and exploitation. Instead, it corresponds to automatically, adaptively
setting the tradeoff parameters 3 in GP-UCB and 6 in GP-PI. For EST, this means that if the gap 1/
is large, then the method focuses more on exploration, and if “good” function values (i.e., close to
) are observed, then exploitation increases. If we write EST as GP-PI, we see that by Eqn. (2),
the estimated 1 always ensures 6 > max ¢ 7] y-, Which is known to be advantageous in practice
[20]. These analogies likewise suggest that § = max,¢[1 1)y, corresponds to a very small 3 in
GP-UCB, and results in very little exploration, offering an explanation for the known shortcomings
of this 6.



D Discussion
In this section, we discuss further details and relations of EST.

Setting m. We showed in Section [2| one way of setting 7 with mean field assumptions. We
focused on Eq.(T) and Eq.(2) throughout the paper since they yield upper bounds /i > m that
preserve our theoretical results. Nevertheless, other possibilities for setting 1 are conceivable.
For example, close in spirit to Thompson and importance sampling, one may sample 7 from

Pr[Y] = [[,ex @(Y;(‘ﬁ)m ) ). Furthermore, other search strategies can be used (e.g., guessing and
doubling), and prior knowledge about properties of f such as the range can be taken into account.

Our theoretical results continue to hold whenever m > m.

Discretization. = We would like to make a few points about discretization, using the noiseless
case Eqn. (2) as an example. Eqn. can be analyzed similarly for more general settings. For a
Lipschitz continuous function, estimating the probability of f(xz) < y,Va € 20 (event Eqy(y)) on
an e-covering of 27 is essentially sufficient.

Since the function f is sampled from GP, we can assume that there exists a,b > 0 such that for
a fixed ' Pr[|f(z) — f(«')] < Le,V||z — /|| < €] > 1 — dae=L"/% (the same assumption as
in [30, Theorem 2]). If 27 is a continuous set, we construct its e-covering 20’ such that Vz € 207,
ming eoy || — «’|| < e. Then,

Pr(Ean(y)] > Pr{Baw (y — L), Bap\aw (y)] > Pr{Eay (y — eL)](1 — |20 |dae~="/"")

The last step uses Lipschitz continuity and union bound to compute Pr[Egy\ oy (y) |[Eaw (y — eL)]E}r
We can use this lower bound to compute 1, so 7 remains an upper bound on m. Notably, none o
the regret bounds relies on a discretization of the space. Morever, once m is chosen, the acquisition
function can be optimized with any search method, including gradient descent.

High dimensions. Bayesian Optimization methods generally suffer in high dimensions. Common
assumptions are a low-dimensional or simpler underlying structure of f [7} 134, [15]. Our approach
can be combined with those methods too, to be extended to higher dimensions.

Relation to entropy search.  Entropy search methods such as ES [12] and PES [13]] also com-
pute the event M, (* = argmax,. ¢y f(x’)). The cited works use expectation propagation to
approximate the discrete probability distribution as Pr[M,] = [ p(f) ], 2 Lf(@)> (@) df. The
motivation behind those methods is fundamentally different from that of regret-minimizing bandit
methods (including EST). The cumulative regret penalizes all queried points, and a method that
minimizes regret needs to query enough supposedly good points. ES and PES, in contrast, purely
focus on exploration, since their objective is to gather as much information as possible to estimate
a final value in the very end, i.e., they minimize the entropy of Pr[M,]. They do not pay for any
intermediate cost.

Furthermore, our method for computing Pr[M,] and arg max Pr[M,] is very different from [[12}
13]]. Our strategy is computationally much more efficient and is meaningful in theory too.

We show an empirical comparison between EST, ES and PES in Section [E.5] although the different
motivations make a direct comparison difficult.

E Experiments
We next provide more exhaustive experimental results and details on the experiments.

E.1 Approximate m

In the paper, we estimate m to be

2 Assume |20’] = <2 for some co,c1 > 0. The right hand side of the inequality above can be written as

€€l

Pr[Eqy (y — eby/log 920)](1 — §). We can control €, § to be small.

el
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Figure 3: Examples of a function sampled from 1-D GP (left), and a function sampled from 2-D GP
(right) with isotropic Matérn kernel and linear mean function. We deliberately create many local

optimums to make the problem hard.
H @(710 — u(m)) dw
o(z)

o0
m:m0+/ 1-—
mo EaShg

which involves an integration from the current maximum my of the observed data to positive infinity.
In fact the factor inside the integration quickly approaches zero in practice. We plot g(w) = 1 —

[Tacom <I>(w_“ (m)> in Figure , which looks like half of a Gaussian distribution. So instead of

o(x
numerical intégr)ation (which can be done efficiently), heuristically we can sample two values of
g(w) to fit g(w) = ae~(w=m0)*/26* 4nd do the integration fn(j; G(w) dw = v/2mab analytically to
be more efficient. This method is what we called ESTa in the paper, while the numerical integration
is called ESTn.

We notice that our estimation /m can serve as a tight upper bound on the real value of the max of the
function in practice. One example of is shown in Figure 2] with a 1-D GP function. This example
shows how PI, ESTa and ESTn estimate m. Both ESTa and ESTn are upper bounds of the true
maximum of the function, and ESTn is actually very tight. For PI, § = argmax; .., y- + € is
always a lower bound of an € shift over the true maximum of the function.

E.2 Synthetic data

We show the examples of the functions we sampled from GP in Figure[3] The covariance function
of GP is an isotropic Matérn kernel with parameters £ = 0.1, 0y = 1. The mean function is a linear
function with a fixed random slope for different dimensions, and the constant is 1. For UCB, we
follow [30] to set 5; with § = 0.01. For PI, we use ¢ = 0.1. No hyper-parameter tuning is done
in this part of experiments for the covariance function and the mean function. But € in Pland ¢ in
UCBare coarsely tuned for better performance.

Figure a) illustrates the average simple regret and the standard deviation (scaled by 1/4). While
the progress of EI and PI quickly levels off, the other methods continue to reduce the regret, ESTn

11
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Figure 4: (a) Simple regrets for functions sampled from 1-D GP and 2-D GP over the number of
rounds. ESTn quickly minimizes regret. (b) Cumulative regrets for functions sampled from 1-D GP
and 2-D GP. ESTn lowers the regret more than PI and EI and faster than UCB. (c) Regrets 7; and
simple regrets r; for a 3-D function sampled from GP and the 3-D Hartmann function. Here, EST is
ESTa. For EST, the regret in each round is usually less than that of UCB, explaining UCB’s higher
accumulated regret.

being the fastest. Moreover, the standard deviation of ESTa and ESTn is much lower than that of
PI and EIL

Figure [f{b) shows the cumulative regret Ry. As for the simple regret, we see that EI and PI focus
too much on exploitation, stalling at a suboptimal point. EST converges to lower values, and faster
than UCB. For additional intuition on cumulative regret, Figure [[c) plots the cumulative regret
7¢ and the simple regret 7, for UCB and EST for a function sampled from 3-D GP and a standard
optimization test function (the 3-D Hartmann function). UCB tends to have higher cumulative regret
than other methods because it keeps exploring drastically even after having reached the optimum of
the function. This observation is in agreement with the experimental results in [30] (they improved
UCB’s performance by scaling 3; down by a factor of 5), indicating that the scheme of setting 3; in
UCB is not always ideal in practice.

E.3 Initialization tuning for trajectory optimization

In online planning, robots must make a decision quickly, within a possibly unknown budget (humans
can stop the “thinking period” of the robot any time, asking for a feasible and good decision to
execute). We consider the problem of trajectory optimization, a non-convex optimization problem
that is commonly solved via sequential quadratic programming (SQP) [27]. The employed solvers
suffer from sub-optimal local optima, and, in real-world scenarios, even merely reaching a feasible
solution can be challenging. Hence, we use Bayesian Optimization to tune the initialization for
trajectory optimization. In this setting, @ is a trajectory initialization, and f(x) the score of the
solution returned by the solver after starting it at .

Our test example is the 2D airplane problem from [32], illustrated in Figure[5] We used 8 config-
urations of the starting point and fixed the target. The 8 configurations of start state are [7 1 0 0],
[f000],[1000,[1100],[2000],[2100],[3000],[310 0], where the first two
dimensions denote the position and the last two dimension denote the speed. We only tune the first
two dimension and keep the speed to be 0 for both directions. The target state is fixed to be [5 9 0 0].

Our candidate set X of initializations is a grid of the first two dimensions of the midpoint state of the
trajectory (we do not optimize over speed here). We can initialize the trajectory by setting the mid
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Figure 5: (a) Illustration of trajectory initializations. Trajectory initializations are passed to the non-
convex optimization solver to ensure a solution with as few collisions with the obstacles as possible.
(b) Maximum rewards up to round ¢. EI and ESTn perform relatively better than other methods.

| [RAND | UCB | EI | Pl | ESTa | ESTn |

mean | 27.4429 | 29.2021 | 29.1832 | 28.0214 | 27.7587 | 29.2071
std 3.3962 3.1247 3.1377 4.1489 4.2783 3.1171

Table 2: Lowest reward attained in 20 rounds on the airplane problem. The results are averaged over
8 settings.

point of trajectory to be any point falling on the grid of the space (both x axis and y axis have range
[—2,12]). We used SNOPT [9] to solve the trajectory optimization problem (SQP), which involves
an objective cost function (we take the negative cost to be a reward function to maximize), dynamics
constraints, and obstacle constraints etc. Details of trajectory optimization are available in [32,[31].

We used the same settings of hyper parameters for GP as described in Section [E.2]for all the meth-
ods we tested. The hyper parameters are tuned every 5 rounds by maximizing the marginal log-
likelihood of data.

Figure [3] shows the maximum rewards achieved up to round ¢ (standard deviations scaled by 0.1),
and Table 2] displays the final rewards. ESTn achieves rewards on par with the best competitors.
Importantly, we observe that Bayesian optimization achieves much better results than the standard
random restarts, indicating a new successful application of Bayesian optimization.

E.4 Parameter tuning for image classification

Our experimental setup follows [37]]. Each data set is split into a training, validation (20% of the
original training set) and test set. We train a linear SVM on the training set, using the deep features.
The SVM parameter (cost in linear SVM) is tuned via Bayesian optimization on the validation set.
After obtaining the parameter recommended by each method, we train the classifier on the whole
training set, and then evaluate on the test set.

We use the linear SVM in the liblinear package for all the image classification experiments. We
extract the FC7 activation from the imagenet reference network in the Caffe deep learning package
[14] as the visual feature. The reported classification accuracy is the accuracy averaged over all the
categories. ‘-c’ cost is the model parameter we tune for the linear SVM.

We used the same settings of hyper parameters for GP as described in Section [E.2]for all the meth-
ods we tested. The hyper parameters are tuned every 5 rounds by maximizing the marginal log-
likelihood of data.

The following is the experimental setting for the image classification:

In Caltech101 and Caltech256 experiment [8| [10]], there are totally 8,677 images from 101 object
categories in the Caltech101 and 29,780 images from 256 object categories. The training size is 30
images per category, all the left images are as test images.

13



[ | Caltech101 | Caltech256 [ Indoor67 [ SUN397 | Action40 [ Event8 |

[37] 87.22 67.23 56.79 42.61 54.92 94.42
ESTa 88.23 69.39 60.02 47.13 57.60 94.91
ESTn 88.25 69.39 60.08 47.21 57.58 94.86

Table 3: Classification accuracy for visual classification on the test set after the model parameter is
tuned. Tuning achieves good improvements over the results in [37]].

Table 4: Classification accuracy on the testing set of the datasets after the model parameter is tuned
by ESTa and ESTn. There are improvements over the classification accuracy compared with the
previous ones in [137]].

| | Caltech101 | Caltech256 | Indoor67 | SUN397 | Action40 [ Event8 |

Imagenet-CNN feature [|37]] 87.22 67.23 56.79 42.61 54.92 94.42
ESTa 88.23 69.39 60.02 47.13 57.60 94.91

ESTn 88.25 69.39 60.08 47.21 57.58 94.86
Places-CNN feature [37]] 65.18 45.59 68.24 54.32 42.86 94.12
ESTa 66.94 47.51 70.27 58.57 46.24 93.79

ESTn 66.95 47.43 70.27 58.65 46.17 93.56

In SUN397 experiment [35], there are totally 108,754 images from 397 scene categories. Images
are randomly splitted into training set and test set. The training size is 50 images per category, all
the left images are as test images.

In MIT Indoor67 experiment [23]], there are totally 15,620 images from 67 indoor scene categories.
Images are randomly splitted into training set and test set. The training size is 100 images per
category, all the left images are as test images.

In Stanford Action40 experiment [36], there are totally 9,532 images from 40 action categories.
Images are randomly splitted into training set and test set. The training size is 100 images per
category, all the left images are as test images.

In UIUC Event8 experiment [18]], there are totally 1,579 images from 8 event categories. Images are
randomly splitted into training set and test set. Training size is 70 per category, all the left images
are as test images.

Table 4] displays the accuracy on the test set using the best parameter found by ESTa and ESTn,
indicating that the parameter tuning via EST improved classification accuracy. For example, the
tuning improves the accuracy on Action40 and SUN397 by 3-4% over the results in [37].

As shown in [37], deep feature from Convolutional Neural Network (CNN) trained on Places
Database has different classification performance betweeen object centric datasets and scene centric
datasets, compared with the deep feature from the CNN trained on ImageNet (ImageNet-CNN fea-
ture). We further use the deep feature from the ConvNet trained on Places Database (Places-CNN
feature) to repeat all the experiments of parameter tuning. The results are shown in Figure [6] and
Table ] All the methods help improve the classification accuracy. On some dataset, the RAND
method converges earlier than the other methods, which might be relevant to the property of the
visual feature that the deep feature from Places-CNN is not so sensitive to the parameter of the
classifier.

E.5 Comparison to entropy search methods

Entropy search methods including ES [12] and PES [13]] do not intend to solve GP optimization
problems in bandit settings. Their goal is to minimize the entropy of the probability for the event
M, (x = argmax, cy f(2)). Since both ES and PES only support squared exponential covari-
ance function and zero mean function in their code right now, and it require significant changes in
their code to accommodate other covariance functions, we created synthetic functions that are dif-
ferent from the ones we used in Section 4 in the paper. The new functions are sampled from 1-D
(80 functions) and 2-D GP (20 functions) with squared exponential kernel and O mean. Function
examples are shown in Figure
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Figure 6: Maximum accuracy on the validation set over the iteration of the optimization. ESTa
converges faster than other methods. Experiments are repeated 5 times. The visual feature used here
is the deep feature from the Places-CNN.

Table 5: Comparison on running time (s) per iteration.

RAND | UCB EI PI
0.0002 | 0.075 | 0.079 | 0.076
ESTa | ESTn | ES PES
0.078 0.55 56 106

We show the results on these synthetic functions in Figure [8]0] and a standard optimization test
function, Branin Hoo function, in Figure @[ It is worth noting that ES methods intend to make
queries on the most informational inputs. It may seem sometimes these queries also have values that
are close to the maximum of the function, e.g. PES in the 2-D GP task and ES in the Branin Hoo
task. But in all other tasks, their performance can be arbitrarily bad.

For the results comparing the guesses made by ES methods and the queries made by other methods,
we emphasize that these are not fair comparisons, since ES methods do not query their guesses on
the blackbox functions.

For the Branin Hoo function, it is interesting to notice that random selection (RAND) actually per-
form much better than almost all of the other methods. It is not surprising, because those GP op-
timization methods rely heavily on their prior belief of the GP, and we did not try to optimize the
prior belief. One way of circumvent this issue is to marginalize over possible prior parameters and
compute an integrated acquisition function [29]], which we will not discuss here, since in this paper
we focus on the most basic GP optimization technique. One can easily adapt our method to more
complicated methods that build on the basic algorithms.

We also compared the running time for all the methods in Table E| Itis assumed in GP optimization
that it is more expensive to evaluate the blackbox function than computing the next query to evaluate
using GP optimization techniques. However, in practice, we still want the algorithm to output the
next query point as soon as possible. For ES methods, it can be sometimes unacceptable to run them
for black-box functions that take minutes to complete a query.

3 All of the methods were run with MATLAB (R2012b), on Intel(R) Xeon(R) CPU E5645 @ 2.40GHz.
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Figure 7: Examples of a function sampled from 1-D GP (left), and a function sampled from 2-D GP
(right) with squared exponential kernel and 0 mean functions. These functions can be easier than
the ones in Figure [3]since they have fewer local optimums and there are several « that can reach the
optimal.
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Figure 8: Simple regrets for functions sampled from 1-D GP with squared exponential kernel and O
mean. Left: ES and PES’s regrets are evaluated on their guesses which are never tested on the black-
box function when running their algorithm. All methods except RAND tend to behave similarly,
possibly because the task is relatively easy (the prior can give a lot of information for the function).
Right: ES and PES’s regrets are evaluated on the actual inputs they tested on f each round. The
inputs tested for ES and PES each round are not designed to minimize the regrets; hence they are
not as good as other methods.

400 500

Figure 9: Simple regrets for functions sampled from 2-D GP with squared exponential kernel and
0 mean. Left: ES and PES’s regrets are evaluated on their guesses which are never tested on the
black-box function when running their algorithm. In general EI and PI perform better than other
methods. Similar to the behavior on 1-D GP sample functions, EI and PI did not get stuck in the
local optimum for these synthetic test functions, since these are relatively easier tasks than Figure[3]
Right: ES and PES’s regrets are evaluated on the actual inputs they tested on f each round. They
perform slightly worse than EI, PI and EST, but better than UCB and RAND.
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Figure 10: Simple regrets in log scale for Branin Hoo function. UCB/EI/PI/ESTa/ESTn use the
isotropic Matérn kernel with parameters £ = 0.1,0¢ = 1; ES/PES use the isotropic squared ex-
ponential kernel with { = 0.1,0; = 1. For this standard test function for optimization, RAND
behaves the best. This is possibly because the significant mismatch between the prior of GP and the
actual function. Left: regrets for ES/PES are based on their guesses that are not tested during the
algorithm. Right: regrets for ES/PES are based on their tested inputs during each round.
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