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Abstract
Many real-world applications require the optimization of multiple conflicting criteria. For example, in robot locomotion, we are interested is maximizing speed
while minimizing energy consumption. Multi-objective Bayesian optimization
(MOBO) methods, such as ParEGO [6], ExI [5] and SMS-EGO [8] make use of
models to define the next experiment, i.e., select the next parameters for which the
objective function is to be evaluated. However, suggesting the next experiment is
typically the only use of models in MOBO. In this paper, we propose to further
exploit these models to improve the estimation of the final Pareto front and ultimately provide useful tool to the user for further analysis. We demonstrate that
a small philosophical difference leads to substantial advantages in the practicality
of most MOBO methods “for free”.
Optimization often requires the definition of a single objective function to be optimized. However,
many real-world applications naturally present multiple criteria to be optimized. For example, in
complex robotic systems, we must consider performance criteria such as motion accuracy, speed,
robustness to noise or energy-efficiency [9]. Typically, it is impossible to optimize all these desiderata at the same time as they may be conflicting. However, it is still desirable to find a trade-off that
satisfies as much as possible the different criteria and the necessities of the final user.
For practical purposes, the existence of multiple criteria is often side-stepped by designing a single
objective that incorporates all criteria, e.g., by defining a weighted sum of the criteria [3]. Alternatively, the optimization of these different objectives can be formalized as a Multi-Objective Optimization (MOO) [2]. In MOO, the goal is to return a Pareto front (PF), which represents the best
trade-off possible between the different criteria [7]. From this Pareto front, it is the responsibility of
the user to ultimately select the most convenient/promising set of parameters to apply. Intuitively,
the goodness of the returned PF can be measured by the accuracy (how close is the proposed PF to
the real unknown optimal PF), by the size (having a large set of solutions in the PF is desirable) and
by the diversity (having solutions that encompass a wide range of trade-offs).
Many model-based MOO methods exist, which extend Bayesian optimization to the multi-objective
case, such as ParEGO [6], ExI [5] and SMS-EGO [8]. We here define all these methods as Multi
Objective Bayesian Optimization (MOBO) methods. Currently, the main advantage of MOBO
methods, compared to model-free MOO methods [4, 12], is to reduce the number of experiments/
evaluations of the objective function. However, the models of the objective functions are used exclusively to select the next parameters to evaluate.
In this paper, we present a new perspective on MOBO and on the use of models in MOO. We
demonstrate that it is possible to exploit the learned models, e.g., for better approximations of the
Pareto front or for computing additional statistics, such as robustness w.r.t. noise in the parameters.
These additional properties can be used by most MOBO methods without significant cost.
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Figure 1: Pareto front (PF) approximation from response surface. Each plot shows the PF
from the evaluated randomly chosen parameters (blue curve), the PF from the response surface
learned using the evaluated parameters (green curve) and the real PF (red curve). (a) Using only
a few evaluations leads to a poor approximation of the real PF. Using the response surface learned
from the same evaluations already improves the quality of the approximated PF. (b,c,d) With more
evaluations, the response surface accurately approximates the real PF. In contrast, the PF from the
evaluations is still a poor, sparse and discontinuous approximation.

20
50
100
200
1000

from measurements
0.123
0.183
0.202
0.273
0.317

Hypervolume
from learned model
0.305
0.330
0.338
0.338
0.338

ground truth
0.342

Table 1: Pareto front approximation from response surface. Hypervolume of the MOP2 function
using different numbers of random evaluations. Comparison of the hypervolume computed only
from the evaluations and from a model learned from these evaluations. The model allows for a
better approximation of the real Pareto front and, therefore, consistently increases the hypervolume.
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Exploiting the Objective Functions Models

In this section, we show how to exploit three different aspects of model-based MOO methods to
specifically suit the demands of robotic applications: a) We analyze the use of models to create a
dense Pareto front to assist the human decision maker for choosing parameters. b) We show that a
model-based approach can substantially reduce the negative effects of measurement noise during the
identification of the Pareto front. c) We demonstrate the usefulness of our novel sensitivity measure
as a diagnostic tool in the light of the final human decision.
We consider the MOP2 function [10], a standard test function for MOO, and we set the number
of parameters d = 2, so that both the parameter and objective function spaces can be easily visualized. As performance measure, we use the hypervolume contribution [11] (also called S-metric
or Lebesgue measure), a common performance measure for MOO tasks. Finally, to compute the
hypervolume of the MOP2 function, we use the standard reference point r = [1, 1].
1.1

Modeling the Pareto Front

We now demonstrate how the use of models (independent of any optimization process) can exploit past evaluations to provide an a posteriori dense and smooth Pareto front approximation from
previous evaluations/experiments. We sample from a uniform distribution 20, 50, 100 and 200 parameters, respectively, and evaluate them on the MOP2 test function. As shown in Figure 1, from
such a small number of evaluations the resulting approximation of the real Pareto front (blue curve)
is poor, discontinuous and sparse. However, it is possible to learn a response surface from which
to sample a much larger number of “virtual” evaluations (i.e., without performing additional evaluations on the real function). From the “virtual” evaluations of the response surface we compute a
dense Pareto front approximation (green curve), which approximates the ground-truth Pareto front
(red curve) better. The same conclusion is reached by analyzing the hypervolume measure in Table 1, where the response surface approximates the ground truth of the hypervolume better. Note
that the quality of the Pareto front from the response surface depends on the past evaluations. Hence,
the approximation is typically inaccurate when only few evaluations are available.
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Figure 2: MOO with measurement noise. (a) Estimating the real Pareto front (red curve) exclusively from noisy evaluations leads to an over-optimistic PF (blue curve) and, hence sub-optimal
parameters (blue dots). With a response surface, we obtain a better approximation of the PF (green
curve) and estimate the 95% confidence of the noise (green area). (b) The parameters from the
response surface (green dots) closely resemble the parameters of the real PF (red dots).
Hypervolume
from noisy measurements from learned model
0.502
0.326

ground truth
0.342

Table 2: MOO with measurement noise. Measurement noise leads to poor approximations of
the Pareto front and to overestimation of the hypervolume. Using the learned model substantially
improves the approximation of the Pareto front and results in a near-optimal hypervolume.
Our approach is similar in spirit to [1]. However, Binois et al. sample random functions from
the posterior of the GP models and subsequently use them to approximate the PF (through Vorob’ev
expectation), while we do not need to sample random functions to approximate the PF as we directly
consider the posterior of the GP models.
1.2

MOO with Measurement Noise

We now study the advantages of model-based MOO in the presence of measurement
noise. For this purpose, we consider the MOP2 function with additive measurement noise
 ∼ N (0, diag([0.0025, 0.0025])). We uniformly randomly sample 50,000 parameters and evaluate their objective, corrupted by noise. As shown in Figure 2, approximating the Pareto front
using these measurements leads to an over-optimistic estimation of the Pareto front: Evaluations
with highest optimistic noise dominate all other noisy evaluations. However, when creating a response surface from noisy evaluations it is possible to approximate the real Pareto front more accurately. Moreover, the noise level learned by the GP model through hyperparameter optimization is
Σ = diag([0.0024, 0.0026]), which is close to the real noise. The same conclusion can be reached
when analyzing the hypervolume in Table 2. The value of the hypervolume computed from the
measurements is over-estimated. Nevertheless, the use of a response surface allows to accurately
approximate the ground truth of the hypervolume.
1.3

MOO with Parameter Uncertainty

The performances of different parameters are not equally influenced by parameter uncertainty. In
some cases, perturbations of the parameters might not be very influential. In other cases, even small
perturbations lead to substantially different performances. This sensitivity is crucial in fields such
as robotics where parameters can correspond to mechanical values, which can be set only within
a certain accuracy (e.g., the stiffness of a spring). For the selection of the final parameters by the
human decision-maker, information regarding the sensitivity of the objective function with respect
to the parameter choice can be invaluable. In particular cases, even solutions outside the Pareto front,
but with higher robustness to parameter uncertainty might be preferable. As a proof-of-concept, we
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Figure 3: MOO with parameter uncertainty: Sensitivity analysis. (a) Along the Pareto front
only the solutions at the two extremities of the front are robust to parameter uncertainty. This area
of stable solutions is visible in the top-right corner, but the values of the objective functions are
sub-optimal. (b) The robust solutions along the PF are the areas around [-0.7, -0.7] and [0.7, 0.7].
The large portions of the parameter space at the corners correspond to sub-optimal solutions.
perform a sensitivity analysis of the MOP2 function. We collect 750 randomly sampled parameters
and corresponding evaluations of the objective function and learn a response surface from them.
From the GP model of the objective, we compute the robustness index r at θ as
r(θ) = rs (θ)/ru (θ) ,
X
rs (θ) = n1s
N (f (θ s )|µf (θ), σ f (θ)) ,

ru (θ) = N (µf (θ) + 3σ f (θ)|µf (θ), σ f (θ))

s

where θ s is one of 2000 samples from a neighborhood around θ. Figure 3b visualizes the resulting intensity map of the robustness measure in the parameter space computed along a 200-by-200
grid. Higher robustness values belong to parameters to whose perturbations the objective function
is less sensitive. For the MOP2 test function, we find four areas in the parameter space, which are
robust to parameter uncertainty: two at the North-West and South-East corners, and two at the coordinates [-0.7, -0.7] and [0.7, 0.7]. Figure 3a shows that the corresponding Pareto front contains only
two of these four areas: at the North-West and South-East corners of the objective function space.
These two areas of robust solutions correspond to the parameters at the coordinates [-0.7, -0.7]
and [0.7, 0.7]. In contrast, the other two areas of the parameter space correspond to sub-optimal (but
robust) solutions far from the Pareto front.
If we only consider Pareto optimality, all solutions on the Pareto front are equally good. However,
if we additionally consider the robustness with respect to the sensitivity of the objective function
with respect to the parameters this is no longer true. This additional source of information can be
extremely valuable in model-based MOO for making informed and robust decisions.
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Conclusion

Current MOO methods simply return the set of evaluations belonging to the Pareto front as result of
the optimization process. Simply returning this Pareto front is often inaccurate, but it is ultimately
the only possibility for model-free MOO methods. In the context of multi-objective Bayesian optimization, we proposed to make full use of the models created during the optimization to analyze
and and assess the quality of the proposed solutions. We showed that we can (a) compute arbitrarily
dense and continuous PFs (b) approximate the real PF better in presence of measurement noise, (c)
perform sensitivity analysis with respect to the parameters. These are useful tools to assist the user
in their final decision. Moreover, these analyses are independent of the method used during the
optimization and as such can be easily integrated into most MOBO methods.
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